Abstract-Circular conducting waveguides filled with gyroelectric media are studied in this paper and the dyadic Green's functions in these waveguides are obtained for the first time. The electric and magnetic fields in the waveguide are expressed in terms of cylindrical vector wave function expansion. It is shown that each of the eigenmodes in the waveguide consists of two eigenwaves whose wave numbers can be determined by the characteristic equation. Dispersion relation is obtained by applying boundary conditions to the eigenmodes. Mode orthogonality is discussed before the orthogonal relations are formulated and then used to determine the expansion coefficients of electric and magnetic fields. The complete expansions of both the electric and the magnetic dyadic Green's functions are finally obtained. The calculated dispersion curves are depicted and discussed while effects of gyrotropy are shown.
INTRODUCTION
Gyrotropic anisotropic media, which form a subclass of general anisotropic complex media, have been a hot research topic for a long time because of the existence of natural gyrotropic anisotropic crystals and easy realization of artificial gyrotropic composites, e.g., magnetically biased plasma or ferrite. The research of gyrotropic anisotropic media can be traced back to 1950s and 1960s when most studies were conducted on the guided-wave propagation in magnetically biased plasma or ferrite [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . These investigations showed that the transverse electric field patterns are fixed in an appropriately rotated coordinates system and appear to rotate about the waveguide axis as the mode propagates along the guide [11] . This Faraday effect is due to the disparity between propagation coefficients of the two counter-rotating modes [9] . In 1981, Uzunoglu examined the propagation characteristics of guided waves in dielectric cylindrical waveguides with gyroelectric cores [13] and later the excitation of guided modes along a gyroelectric cylinder and radiation patterns of dipole radiating in the proximity of the cylinder [14] . The scattering properties of a gyrotropic anisotropic cylinder were also investigated by Monzon using a spectral approach [15] . The radiation of a dipole source located near a gyrotropic layer as well as the transmission and reflection phenomena was studied analytically by Tsalamengas [16] .
Recently, investigators focused their studies into two topics of gyrotropic media. One of them is again the gyrotropic waveguide. The structures include vacuum core surrounded by plasma [17] and open waveguides [18, 19] . The spectra of electromagnetic waves in plasma waveguides were analyzed [20, 21] and some numerical methods such as finite-difference method [22] and method of lines [23] were extended and applied in analyzing the characteristics of plasma waveguides. The other focused topic is the dyadic Green's functions for gyrotropic anisotropic media. Among various approaches available to the electromagnetic problems of complex media, the dyadic Green's function technique [24] plays a major role, especially in boundary value problems [25] [26] [27] [28] [29] [30] [31] [32] [33] . Electromagnetic fields for arbitrary sources in linear media can be obtained by integrating the dyadic Green's function as a kernel together with the source distribution. Reported dyadic Green's functions for gyrotropic anisotropic media include those for a planar stratified and arbitrarily magnetized linear plasma [25] , multilayered symmetric gyroelectric media [26] , bounded homogeneous gyroelectric media [27] , and unbounded gyroelectric media [28] [29] [30] . However, to the authors' knowledge, the dyadic Green's functions for gyrotropic anisotropic waveguides have not been reported elsewhere yet.
In this paper, we begin with an infinite gyrotropic medium and then impose the boundary conditions of the conducting circular waveguide on electromagnetic fields. Modal analysis on the gyroelectric waveguide is provided and the dyadic Green's functions are obtained for the first time. The electric and magnetic fields in the waveguide are expressed in terms of cylindrical vector wave functions. It is shown that each of the eigenmodes in the waveguide consists of two eigenwaves whose wave numbers can be determined by the characteristic equation. Dispersion relation is obtained by applying boundary conditions to the eigenmodes. Mode orthogonality is discussed and the orthogonal relations are formulated and then used to determine the expansion coefficients of electric and magnetic fields. The complete expansions of both the electric and the magnetic dyadic Green's functions are obtained. Lastly, the calculated dispersion curves are depicted and the effects by varying the gyrotropy are discussed.
BASIC FORMULATION

Constitutive Relations
The constitutive relations for a gyroelectric anisotropic medium can be written in the {E, H} form as
where the time dependence e −iωt has been assumed and will be suppressed throughout this paper. In the constitutive relations, µ is the permeability and is the permittivity in gyrotropic form of
This is why this kind of media is called gyroelectric (electrically gyrotropic) media. If the permittivity takes scalar form while the permeability in gyrotropic form, the media would be called gyromagnetic (magnetically gyrotropic) media, e.g., ferrite media. Maxwell equations for gyroelectric media can be written by
Removing H from (3a) and (3b), we have, for the electric field, the following Helmholtz equation
Vector Wave Functions
In general, electric field or magnetic field can be expressed by an expansion consisting of solenoidal vector wave functions and irrotational vector wave functions. In the cylindrical coordinates system (ρ, φ, z) , the scalar potential function for defining waves in a circular waveguide is
where k ρ and k z are the wavenumbers in transverse and propagating directions, respectively. The cylindrical vector wave functions can be generated from the scalar potential function in (5) by introducing a piloting vector z [24] . The solenoidal vector wave functions are defined as
and the irrotational vector wave function is
The electric field in the waveguide can be expanded completely by the above vector wave functions in the form
where the field expansion coefficients A(k z ), B(k z ), and C(k z ) will be determined by the incident wave. The orthogonal properties among these cylindrical vector wave functions as well as the orthogonal relations involving gyrotropic tensor are given in Appendix A.
FIELDS IN AN UNBOUNDED GYROELECTRIC MEDIUM
In this section, we begin with an unbounded gyroelectric medium to find the combinations of the vector wave functions expressing the eigenwaves in the gyroelectric medium, and then in the next section, the boundary conditions of a circular conducting waveguide will be imposed to obtain the eigenmodes in the waveguide. Consider a source-free gyroelectric medium. In this case, the electric field Helmholtz equation (4) should be written as
Ohm-Rayleigh Method
Substituting (7) into (8), we have
where
The relationship among A(k z ), B(k z ), and C(k z ) can be found by applying the Ohm-Rayleigh method. Taking the anterior scalar product of (9) with
performing integrations over the entire space and making use of the orthogonal relations given in Appendix A, we end up with the following equation in matrix form:
[Ω] is a 3 × 3 matrix given by
with the following elements:
,
In (11), [X] is a column vector given by
Characteristic Equation
In order to have nontrivial solutions for A(k z ), B(k z ), and C(k z ) in (11) , it is required that the matrix [Ω] must be singular, i.e.,
(15) results in the characteristic equation:
where the coefficients are given by
The solutions of (16) yield four roots of k ρ which are designated as ±k ρj (j = 1, 2) . As has been discussed in [14] , the characteristic equation is only dependent on k ρ , not the azimuthal direction ϕ = tan −1 (k ρy /k ρx ) where k ρx and k ρx are x-and y-components of k ρ in Cartesian coordinates. Physical insight into the wave modes shows that only two of the roots, i.e., +k ρj (j = 1, 2) are needed to take into account. The subscript j will be applied onwards to denote different eigenwaves. Some features of gyroelectric media can be seen from the characteristic equation. Assume plane waves propagate in a gyroelectric medium along z-direction. In this case, k ρ = 0 and (16) yields that
The two wavenumbers discriminated by " + " and " − " represent two different directional polarizations. "+" is designated as the right-hand circularly polarization (RCP) while " − " as the left-hand circularly polarization (LCP), which are quite similar to the polarizations in a chiral medium. The difference is that the two directional polarizations of the wave in a chiral medium are due to the mutual coupling between electric and magnetic fields, while those in a gyroelectric medium are due to the coupling among the different components of the electric field.
The relations of A(k z ), B(k z ), and C(k z ) can be obtained from any two linear equations in (11) as long as the characteristic equation (16) is satisfied. Solving the lower two linear equations in (11), we have
These two ratios are in different forms from those in [14, 27] , but exactly the same if the relation of (16) is imposed. Based on the relations in (19) , the values of A(k z ), B(k z ), and C(k z ) can be finally determined by the incident wave or its equivalent source excitation.
Eigenmodes
By following the foregoing discussions, the mth eigenmode can be expressed by the summation of the two eigenwaves, namely,
where the coefficients, Q mj (k z ) (j = 1, 2) , are to be determined by boundary conditions. The relation between Q m1 (k z ) and Q m2 (k z ) in (20) can be obtained by applying the boundary conditions on the walls of the waveguide. Their values are finally determined by the incident field. The expression of the relation between Q m1 (k z ) and Q m2 (k z ) depends on the forms of A(k z ), B(k z ), and C(k z ) which can be chosen from (19) and do not affect final results. For the simplicity of the following derivations, we choose
A CIRCULAR CYROELECTRIC WAVEGUIDE
In this section, we consider a circular waveguide of radius a filled with gyroelectric media as shown in Fig. 1 . The walls of the waveguide is perfectly electric conducting (PEC). The wave is guided along z-axis. 
Boundary Conditions and Dispersion Relation
In order to match the boundary condition, ρ × E m = 0 at ρ = a must be satisfied. It contains two components: one is in φ direction,
and the other is in z direction
These two boundary condition equations lead to the following equations in matrix form:
For non-trivial solutions of (25) , the determinant of the coefficient matrix must be equal to zero, which yields the dispersion relation:
and subsequently the coefficients Q mj (k z ) satisfy
Mode Orthogonality for a Lossless Gyroelectric Waveguide
Now we examine the mode orthogonality of a gyroelectric waveguide which is assumed to be lossless and mutually bidirectional with its complementary waveguide [34] . The mode orthogonality is necessary for later obtaining the dyadic Green's functions. Consider two eigenmodes, mth mode and m th mode. Both of the modes satisfy the Maxwell equations and the boundary conditions on the wall (at ρ = a) of the gyroelectric waveguide, namely,
and
Hence we have the following divergence
where the asterisk denotes complex conjugation. Since the gyroelectric medium filling the waveguide has been assumed to be lossless (the values of t , z , g , and µ are all real), and the following identity
holds for arbitrary vectors V 1 and V 2 , we thus have from (30) Figure 2 . The cross section of the gyroelectric waveguide.
As shown in [35] where chirowaveguides were dealt with, the orthogonality relation can be obtained by further manipulating and simplifying (32) . Integrating (32) over the cross section of the waveguide (surface C in Fig. 2) , we have
where ∇ t = ∇ − z ∂ ∂z . According to Stokes' theorem, the twodimensional integral
can be transformed into a line integral over the boundary of the surface, i.e.,
where n is a unit vector normal to the waveguide wall in outward direction and dl is an infinitesimal line element along the curve L . Since the electric field on the waveguide wall must satisfy the boundary condition n×E| ρ=a = ρ×E| ρ=a = 0 , the integral in (34) is identically zero. Thus (33) can be simplified to
In view of the expressions of E m and H m in (20) and those of vector wave functions in (6), we can remove ∂ ∂z and end up with
So for any two different modes (m = m and k z = k z ) , there must have
which is an orthogonality relation for the modes in a lossless gyroelectric waveguide. If the two modes are the same (m = m and k z = k z ) , the integral in (37) is not necessarily zero. The value of this integral can be actually expressed by the power carried by the mode:
where P m is the power carried by the mth mode and δ mm is a Kronecker delta, i.e.,
sgn(m) in (38) stands for the sign of m and denotes the propagating direction of the mth mode in the waveguide. The orthogonal relations given in (37) and (38) may be also applicable to gyroelectric waveguides of open structures. Open waveguides may not have conducting but dielectric walls. Thus the integration surface in (37) or (38) for an open waveguide should be seen as the entire transverse plane which is normal to the longitudinal axis of the guide and extended to infinity. Since open waveguides can support not only guided modes but also radiation modes. For guided modes, the wavenumbers are discrete, as discussed in our study. For radiation modes, the wavenumbers are continuous. If at least one of mth mode and m th mode is a guided mode, (38) still holds. If both of them are radiation modes, the Kronecker delta function δ mm should be replaced by Dirac delta function δ(m − m ) .
Since the eigenmodes have been proved to be mutually orthogonal, the electric and magnetic fields outside the source region can be expanded as follows:
where the coefficient Γ m is known for a given excitation. The upper lines in the equations (40) are for modes propagating in the positive zdirection while the lower lines are for those propagating in the negative z-direction.
DYADIC GREEN'S FUNCTIONS
It is well-known that the electric and magnetic fields can be related to the source directly through
G EJ (r, r ) is the dyadic Green's function of electric type and G MJ (r, r ) is the dyadic Green's function of magnetic type. They are both associated with the arbitrary electric source J(r ) . r and r are the field point and the source point, respectively. Once the dyadic Green's functions are known, the electric and magnetic fields can be readily calculated.
Expressing the source J(r ) by the unit dyad and the Dirac delta function as
and substituting (41) and (42) into (3), we can obtain the Maxwell equations for gyroelectric media in dyadic form
In this section, we derive the complete expansions of dyadic Green's functions for a circular gyroelectric waveguide.
Determination of Γ m
To obtain the expressions of the dyadic Green's functions, firstly we must determine the expansion coefficient Γ m (k z ) in (40). We conduct a procedure in the following similar to that in [36] except that the conjugation forms are used here.
Let (E t , H t ) be a set of source-free "test" fields within the waveguide, i.e.,
Applying complex conjugation to (44), we can readily have
where the parameters t , z , g , and µ have been assumed to be real quantities.
Consider the following divergence
Replacing the terms involving the curl in (46) by their equivalents as given in (3), (44), and (45) and making use of the identity (31), we can finally arrive at
Integrating over a volume containing the source J and bounded by a closed surface S , and converting the volume integral of the divergence to a surface integral, we have
where n is again a unit vector normal to S in outward direction, and S consists of the waveguide wall and two cross-sectional planes, i.e., S = S + + S c + S − , as shown in Fig. 3 . There is no contribution to the surface integral arising from the guide wall since n × E and n × E * t are zero on the guide wall. So (48) can be rewritten as
Applying the mode orthogonality (38), we have
for the mode functions E * t (k z ) and H * t (k z ) . Similarly, for the mode functions E * t (−k z ) and H * t (−k z ) , we have
The surface integrals in (50b) and (51b) are rewritten as
where subscript m has been used in place of subscript t . They can be evaluated by substituting the expressions of E m and H m and their conjugates into (52). The expressions of I m (±k z ) are given in Appendix B.
Thus, Γ m (k z ) , where subscript t is also replaced by m , can be expressed by I m (k z ) as
Magnetic Dyadic Green's Function
Since the magnetic field is solenoidal, i.e., ∇ · H = 0 , the expansion of H in (40b) is complete. Therefore, the magnetic dyadic Green's function can be obtained by simply equating the right-hand side of (41b) and the right-hand side of (40b) and extracting the corresponding part for G MJ (r, r ) , namely, from
we can rewrite (55) as
Electric Dyadic Green's Function
Unlike the magnetic field, the expansion (40a) is only valid in the region outside the source. The complete expansion of the electric field should include an irrotational term related to the source.
In the same manner as above for deriving the magnetic dyadic Green's function, we can obtain the solenoidal part of the electric dyadic Green's function as follows:
The irrotational term of the electric dyadic Green's function can be found by means of the method of G MJ [24] . Detailed derivation of the irrotational term is given in Appendix C. The final results of the complete electric dyadic Green's function are
and thus
Reduction to Non-Gyrotropic Cases
The inspection of (19a) or (21a) tells us that the expressions here cannot be directly reduced to non-gyrotropic cases. When the gyrotropy vanishes, i.e., g = 0 , we should go back to the matrix-form equation (11) which can be reduced to
For (61) to have nontrivial solutions, there must be
(62b) Figure 4 . Dispersion curves for a circular gyroelectric waveguide with ideally conducting boundary.
NUMERICAL RESULTS
The dispersion equation given in (26) can be used to draw the dispersion curve for any mode once the medium parameters are given. The dispersion curves for m = 0, ±1, ±2 and t = 3.6 0 , z = 3.2 0 , g = 1.0 0 are shown in Fig. 4 where k z a is plotted versus k 0 a . 0 and µ 0 are the permittivity and permeability in free space and k 0 = ω √ µ 0 0 .
Unlike those in the circular chirowaveguide, each pair of modes with +m and −m in the gyroelectric waveguide starts with different cutoff frequencies. In chirowaveguides, +m mode and −m mode are degenerated at cutoff frequency [37] . Therefore, in chirowaveguides, +m mode is normally generated in pair with −m mode. While in gyroelectric waveguides, +m mode and −m mode are not degenerated at any frequency except that as the frequency increases, +m mode and −m mode approach to each other. So in gyroelectric waveguides, the RCP (designated by " + ") wave of any eigenmode can exist individually at specific frequency where the LCP (designated by " − ") wave is cut off. Another numerical result is the dispersion curves for various values of the gyrotropy g which are shown in Fig. 5 for g = 0.5 0 , 1.0 0 , and 2.0 0 . It can be seen that with the increase of the gyrotropy g , the cutoff frequency of +m mode decreases while that of −m mode increases. The larger the gyrotropy g is, the more widely apart the start points of +m mode and −m mode are. This finding implies that increase of g could be helpful to select expected RCP waves.
CONCLUSIONS
In conclusion, circular conducting gyroelectric waveguides were studied and the dyadic Green's functions were obtained for the first time in this paper. An unbounded gyroelectric medium was dealt with first and then boundary conditions of the circular conducting waveguide were imposed. The electric and magnetic fields in the waveguide are expressed in terms of cylindrical vector wave functions. It was shown that each of the eigenmodes in the waveguide consists of two eigenwaves whose wave numbers can be determined by the characteristic equation. Dispersion relation was obtained by applying boundary conditions to the eigenmodes. Mode orthogonality was discussed and the orthogonal relations were formulated and used to determine the expansion coefficients of the electric and magnetic fields. The complete expansions of both the electric and the magnetic dyadic Green's func-tions were made. In the end, some numerical results were obtained, and the calculated dispersion curves were plotted and the effects of the gyrotropy were also discussed.
where Φ j (j = 1, 2), Φ 12 , Ψ j (j = 1, 2), and Ψ 12 are integrals of Bessel functions given by 
APPENDIX C. METHOD OF G MJ
At z = z , the magnetic dyadic Green's function G MJ is discontinuous. For the present problem, the boundary condition for the tangential magnetic field at z = z surface can be written in the form
or in a dyadic form,
where the superscript + stands for z > z and − for z < z . Since G MJ is discontinuous at z = z , we can write 
we can find that the combination
in (C5) is actually E m (±k z ) . Hence we have the results given in (59) and (60).
